Calculus I - Limit Theorems
Formal Definition of a limit:

We say the limit of f{x) as x approaches a is equal to L , denoted
lim f(x)=L

ifand only if, for each €>0 there exists a number &>0 such that:
if 0<|x—al<s then |[f(x)—L|<e

THEOREM 1.1 Some Basic Limits

Let b and ¢ be real numbers. and let n be a positive integer.

1. limb =§ 2. imx=r¢ 3. limx™ = ¢
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THEOREM 1.2  Properties of Limits

Let b and ¢ be real numbers. let n be a positive integer, and let fand g be
functions with the limits

limf(x) = L and lim g(x) = K.
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1. Scalar multiple: lim [bf(x)] = bL
x—s

2. Sum or difference: lim [ f(x) + g(x)] =L + K
X—=

3. Product: lim [ flx)e(x)] = LK

4. Quotient: lim’@ = L, K+0
x—re g{.x] K

5. Power: lim [ flx)]" = L"
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A proof of this theorem is given in Appendix A.
See LarsonCalculus.com for Bruce Edwards’s video of this proof.

THEOREM 1.3 Limits of Polynomial and Rational Functions
If p is a polynomial function and ¢ is a real number, then

1£| plx) = ple).

[f r is a rational function given by r(x) = p(x)/g(x) and ¢ is a real number such
that g(¢) # 0, then

lim r(x) = rlc) = ‘@
fim 4(0)




THEOREM 1.4 The Limit of a Function Involving a Radical

Let n be a positive integer. The limit below is valid for all ¢ when n is odd,
and is valid for ¢ > 0 when n is even.

lim &/x = ¢/¢
K=o
A proof of this theorem is given in Appendix A.
See LarsonCalculus.com for Bruce Edwards’s video of this proof.

THEOREM 1.5 The Limit of a Composite Function
If fand g are functions such that lim g(x) = L and linlf[,r] = f(L), then

tim 7(g(x) = /(lim g09)) = £(0).

A proof of this theorem is given in Appendix A.
See LarsonCalculus.com for Bruce Edwards’s video of this proof.

THEOREM 1.6 Limits of Trigonometric Functions
Let ¢ be a real number in the domain of the given trigonometric function.

1. lim sinx = sin ¢ 2, limcosx = cos ¢ 3. limtan x = tan ¢
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4. limcotx = colc 5. lim sec x = sec ¢ 6. limcscx = csco
X—»g X H—ry

THEOREM 1.7 Functions That Agree at All but One Point

Let ¢ be a real number, and let f(x) = g(x) for all x # ¢ in an open interval
containing ¢. If the limit of g(x) as x approaches ¢ exists, then the limit of f(x)
also exists and

lim f(x) = lim g(x).
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A proof of this theorem 1s given in Appendix A.

See LarsonCalculus.com for Bruce Edwards’s video of this proof.




THEOREM 1.8 The Squeeze Theorem

If hix) = f(x) = g(x) for all x in an open interval containing ¢, exceplt possibly
at ¢ itself, and if

lim h(x) = L = lim gl(x) hix) < fx) < g(x)
A= K=
then lim f(x) exists and is equal to L. !

K=

A proof of this theorem is given in Appendix A. Fibpe i hore,

See LarsonCalculus.com for Bruce Edwards’s video of this proof,

THEOREM 1.9 Two Special Trigonometric Limits

. ®Inx 1l —cosx
I. lim = ] 2. lim—=1{)
=0 X x=0) X The Squeeze Theorem

THEOREM 1.10 The Existence of a Limit
Let f be a function, and let ¢ and L be real numbers. The limit fo{x) as x

approaches ¢ is L if and only if

lim fix) =L and lim f(x) = L.

X—r =t

Epsilon-Delta Problems:

Using the epsilon-delta definition of a limit:

1. For the limit: xl_{”f (x=1) = =9 fnd the largest value of & that "works" for a

2
value of €=0.48

. 3
2. For the limit: ){L”?z (x’+7) = 15 find the largest value of § that "works" for a value
of e€=1 . (Caution: this is not symmetric).

3. Use the epsilon-delta definition of a limit to PROVE /" (2x=1) =7

x— 4

4. Use the epsilon-delta definition of a limit to PROVE /" (3-5x) = =7

x— 2

5. Use the epsilon-delta definition of a limit to PROVE ~ /im (mx+b)=ma+b

x=>a

Also, please try problems 1.2/37-41 all.



